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1 Introduction 

Recently there has been an increasing interest in the wave operator on space times of 
low regularity, i.e., the metric d'Alembertian 



, R — 1 R — 1 \ / 



a,/3=l a,p=l 



of a Lorentzian metric g with Levi-Civita connection V of low regularity [U [2j [3]. This 
development draws its physical motivation from an alternative approach to analyse space 
time singularities in general relativity put forward in [3]. There C. J. S. Clarke proposed 
to treat singularities as obstructions rather to the well-posedness of the Cauchy problem 
for the scalar wave-equation than to the extension of geodesies (see e. g. [5j Ch. 8] 
for this standard approach). Physically speaking, a scalar field — which can bee seen 
as a reasonable replacement for an extended test body, which is too hard to model in 
general relativity — is used to detect singularities, leading to the notion of generalized 
hyperbolicity. More precisely, a space time is called generalized hyperbolic and viewed 
as "non-singular" if the scalar wave equation can be uniquely solved locally around each 
point. Of course, here one has to invoke a suitable solution concept since the coefficients 
of the resulting equation will generically be of low regularity. 

In [1] Clarke proved generalized hyperbolicity of shell crossing singularities using a suit- 
able weak solution concept. In [2] Vickers and Wilson proved generalized hyperbolicity 
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of conical space times using the theory of nonlinear generalized functions of Colombeau 
[6j [7J. More precisely, they embedded the conical space time metric (component wise) 
into the (full) Colombeau algebra and proved unique solvability of the wave equation in 
this framework invoking a refined version of higher order energy estimates (cf. [5l Ch. 
7]). They also succeeded in showing that their generalized solution has a distributional 
limit that fits the expectations from physics. Later Grant, Mayerhofer, and Steinbauer 
in [3] generalized the work of [2] to a fairly large class of "weakly singular" space times, 
where essentially the metric was assumed to be locally bounded: Modelling such space 
time metrics in Colombeau generalized functions from the start, they proved generalized 
hyperbolicity, however, did not relate their result to more classical notions. 

In this paper we consider a related but substantially different problem: We are con- 
cerned with the Cauchy problem for second order linear hyperbolic tensor equations 
Lu = F with low regularity coefficients on a classical manifold M. It then follows that 
in any local coordinate system x a the differential operator L takes the form 

L = g al3 d a d/3 + lower order terms, 

where g al3 are the contravariant components of a Lorentzian metric. In order to write 
L in an explicit coordinate free way one then introduces a smooth background metric g 
which enables one to write L in the form 

(Lu)5 = g^VaV^j + BfPv a u Q p + C%u% (1) 

with /, J, P, Q multiindices (for details see below). 

Here V denotes the Levi-Civita connection with respect to the smooth metric g, and we 
also work in the framework of non-linear distributional geometry [8l [9] , that is generalized 
functions in the sense of Colombeau [6l UJ. 

Our motivation to study this problem is twofold. First, when inspecting the methods 
used in [2J [3] , we find that the (one and only, singular) metric has to play different roles in 
different places: as the principal part of the operator, defining the Levi-Civita connection, 
and defining the main part of the energy tensor which is the essential tool in deriving 
the key estimates. Here we separate these roles by using the two distinct metrics g and 
g, where only g, which defines the principal part of the operator L, is of low regularity. 
The main benefit of doing so is to gain some new insight into the fine structure of the 
energy estimates and to improve on questions of regularity of generalized solutions. We 
remark that an elaborate regularity theory within algebras of generalized functions does 
exist (see e. g. |10[ \TT\ 112] ) and connecting to it seems necessary to relate the results of 
[3] to more classical function spaces. In particular, our asymptotic conditions on g are 
quite different from those of [3] and we also see that the results of [3] can be improved, 
see Remark 3] below. 

Secondly, this strategy of using separate metrics essentially parallels the strategy used 
to derive the reduced Einstein equations (see Ch. 7]), and, in fact, our equation is a 
linearization of the reduced Einstein equations. So this work can be seen as a necessary 
first step to eventually treat these quasilinear equations in the generalized functions 
framework. 
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This paper is organized in the following way: In the rest of this introduction we fix 
our notation and collect some prerequisites from nonlinear distributional geometry. In 
Section 2 we formulate the Cauchy problem for our class of wave-type equations of low 
regularity, and we state our main theorem of existence and uniqueness in Section 3. 
Section 4 is dedicated to the heart of the proof, i.e., higher order energy estimates, 
which we finally finish in Section 5. 

Throughout this paper we suppose M to be a separable, smooth, orientable Hausdorff 
manifold of dimension n. Furthermore, we will make use of abstract index notation, 
see |13] , In particular, a tensor field u of type (k,l) on M, i.e., u : nf=i^ 1 (-^) x 
n!=i %(M) — > is denoted by or for short Uj by using multiindices I and J 

of length |7| = k resp. | J\ = I (as usual X(M) denotes vector fields and Q 1 (M) denotes 
one- forms). Thus for a vector field £ we write £ a and for a one- form u we write u a . 
The tensor product is simply denoted by concatenating the two objects in question, i. e., 
(u> 18> f)ab = ^a^b- The operation of tensorial contraction is denoted by using twice the 
same index letter, e.g., = ^>a£ a - For metric tensors e, by a slight abuse of the 

multiindex notation, we write e/j for e,% x j x ■ ■ ■ &i k j k , whenever \I\ = \ J\. Furthermore, the 
inverse of some metric e a b will be denoted by e ab with the same convention in the case of 
multiindices. To distinguish abstract index notation from calculations in coordinates, we 
will always use greek indices for tensorial components in a coordinate system. So, e.g., 
the coordinates of e ah ui a will read ^ a e a ^uj a . 

Now we briefly recall the necessary facts from nonlinear distributional pseudo-Riemannian 
geometry in the sense of J.-F. Colombeau [6j[7]. For more details see Sec. 3.2]. 

The key idea of Colombeau generalized functions is regularization of distributions by 
nets of smooth functions depending on a regularization parameter e £ (0, 1]. The basic 
definition of Colombeau's (special) algebra on M is 

1.1. Definition : We set £(M) := (^(M)^' 1 !, denote compact subsets of M by 
K, and denote by V{M) the space of linear differential operators on M. Then 

S M (M) :={(u £ ) £ e £(M)\\/K\/P e V(M) 3N e N : sup \Pu e (p)\ = 0(e~ N )}, 

M{M) :={{u £ ) £ G £{M)\\/K\/P e V(M) Vm G N : sup \Pu £ (p)\ = 0(e m )}. 

The quotient Q{M) := £m{M)/N{M) is the special Colombeau algebra on M. Elements 
in Q(M) are denoted by u = [(u e ) e ] = (u E ) E +M(M). Note that generalized functions 
can be localized in the obvious way, see [14:\ Sec. 3.2]. We introduce generalized numbers 
as the ring of constants in the special algebra, i.e., generalized functions with vanishing 
derivative. For a characterization using asymptotic estimates we refer to |14[ Sec. 1.2]. 
We obtain generalized tensor fields of type (k, I) by setting 

gf(M) :=g{M)®rf{M). 

This allows us to define the notion of a generalized metric on M. 
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1.2. DEFINITION : A generalized pseudo-Riemannian metric is a symmetric tensor 
field g G C/rjC^O sucn that detg is invertible in the generalized sense, i.e., for any 
representative (detg e ) e of detg we have 

\/K C M compact 3m G N : inf | det(g e )| > e m . 

peK 

By Theorem 3.2.74 in |14| on any relatively compact set a generalized pseudo-Riemannian 
metric possesses a representative (g £ ) e consisting of smooth pseudo-Riemannian metrics. 
This in turn can be used to define the index (see |14| . Definition 3.2.75) of a generalized 
metric and finally, we call g a generalized Lorentzian metric if the index equals 1. This 
fixes the signature of the metric to be (1, n — 1) or equivalently (— ,+,+,...). Any gen- 
eralized Lorentzian (even pseudo-Riemannian) metric induces a C/(M)-linear isomorph- 
ism from Gq(M) to Ql{M). Moreover, we can adopt the usual classification of vector 
fields into spacelike, timelike, and null by demanding either g(£, £) > 0, g(£, £) < or 
s(£>£) = 0) where we have used the notion of strict positivity: A generalized function / 
is called strictly positive, denoted by / > 0, if 

\/K C M compact 3m G N : inf f E >e m . 

P&K 

For further details and, in particular, for a pointwise description, we refer to [9l I15j. 



2 A low regularity Cauchy problem 

For the rest of the paper we fix a smooth Lorentzian manifold (M, g). We are interested 
in the local forward-in-time Cauchy problem for hyperbolic linear partial differential 
operators with generalized coefficients, i.e., 

(Lu)5 = g^VaV^j + B?£v a u% + Cjq4 = F J ( 2 ) 

with initial data 

u|s ="o V^u| Eo =ui. (3) 

Here V is the Levi-Civita connection of the smooth metric g and So denotes some 
initial surface with normal vector field £ (to be detailed below). We denote by g = g ab , 
B = B a j l Q and C = Cjq the low regularity coefficients of L to be modelled in Q. In 
particular, g will be a generalized Lorentzian metric, and B, C will be generalized tensor 
fields of suitable type, subject to additional conditions to be specified later. Also, the 
data F, uo, and Ui are allowed to be generalized, that is F G Q\ and uo, U\ G £?^(Xo). 
We then look for solutions u G Q\ at least locally. 

Our first task is to specify a class of generalized Lorentzian metrics suitable to act 
as a principal part of L. So let g G Q®(M) be a generalized Lorentzian metric with 
representative (g e ) e . We want to make sure that locally there exists a suitable foliation 
of M. To this end we chose a relatively compact set U C M and ask for the existence 
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of a function h £ C°°(U) such that cr := dh is timelike with respect to g. This will be 
implied by the existence of Mo > such that for all e 

-±-<- g ~ 1 (cT,a)<Mo (4) 

Mq 

on U. Indeed the level surfaces S T := {q E U\h(q) = r} with r G [0,7] for some 7 > 
are spacelike hypersurfaces with respect to g e , So beeing the initial surface from ([3]). 

Next we specify a number of asymptotic conditions on g, B, and C. To this end we 
make use of a smooth Riemannian metric m on M to define the "pointwise" norm of a 
smooth tensor field v, i. e., 

|v| 2 := m IJ m KL vfvj. 

Note that since we work locally our conditions are in fact independent of the choice of 
m. We now suppose 

(i) For every representative g e , B e , and C £ of g, B, resp. C, we demand for all K 
compact in U 

sup Ig" 1 ! =0(1) sup iVg" 1 ! =0(1) 

K K 

sup|g e |=0(l) sup|B £ |=0(l) 

K K 

sup|C e | =0(1) 

K 

as e tends to zero (Observe that V denotes the Levi-Civita connection associated 
with g and not with g.). 

(ii) For any representative (g £ ) £ on U, the level set So is a past compact spacelike 
hypersurface such that <9/+(So) = So, where J+(So) C U denotes the future 
emission. Moreover, there exists a nonempty open set A C M and some £0 > 
such that A C f\< £0 4 + (S ). 

Some remarks on this conditions are in order: Condition (i) gives e-independent bounds 
on the coefficients g, B, and C necessary later on to control the asymptotic behaviour 
of the energy integrals. Strictly speaking the coefficients B, and C depend on the choice 
of g; in fact the solvability of the differential equation does not, since we estimate on 
compact sets. Observe that condition (i) also implies (j4]) and sup^- |Vg| =0(1) for all 
compact K. Condition (ii) is necessary to guarantee the existence of classical solutions 
on the level of representatives on a common domain. Compared with [3], we demand 
less regularity on higher order derivatives of the coefficients but more regularity on the 
first order derivatives of g. The latter becomes necessary since the connection V is not 
derived from g and therefore Vg is generally non-vanishing. 

To simplify the notation, we introduce the following abbreviations: 

• £ e := gj 1 (cr, •), the generalized vector field associated to a. Note that £ e is indeed 
a generalized vector field, while a is not. Furthermore, note that g e (£ £ ,£ £ ) = 
g~ 1 (<r, cr). This also gives that sup^- |£ e | = O(l) since |£ e | 2 = gf- 'a a g c ° '0 cVn^ and 
g £ is 0(1). 
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• a := (— g 1 (cr, ct)) 1 / 2 , the norm of <r measured in terms of the smooth metric g. 

• a := a /a, the unit normal to the hypersurfaces S T measured with respect to g. 

3 The main theorem 

Following the general strategy for solving differential equations on a space of Colombeau 
generalized functions, we have to pursue the following tasks: We start by writing out the 
initial value problem in terms of representatives, i.e., 

L £ u £ =F £ u e | Eo =u , £ 

Then, using classical theory, we solve separately for each e, obtaining a net (u e ) e which 
is a candidate for a generalized solution. However, to obtain existence in generalized 
functions, we first have to ensure that the u e are defined on a common domain (which 
is guaranteed by condition (ii) in Section [2]) , and then we have to prove moderateness of 
the net (u e ) e . To obtain uniqueness of solutions, we have to show independence of the 
class [(u e ) e ] of the choice of representatives of the data F, Uo, and ux- Observe that the 
latter statement amounts to proving a stability property of the problem. Note that we 
do not have to proof independence of the representatives of the coefficients of L since Q 
is a differential algebra. In this way we will provide a proof of 

3.1. Theorem : Let (M, g) be a smooth Lorentzian manifold, and let L be a 2nd 
order partial differential operator of the form ([1]) with coefficients g, B, C, where g G 
Q^{M) is a generalized Lorentzian metric, and g, B, and C are subject to conditions (i) 
and (ii) above. Let So be a hypersurface spacelike with respect to g, locally described by 
h~ l ({0}) for h G C°°(U). Then for any point p G So, there exists an open neighbourhood 
V of p such that the initial value problem ([2j), ([3]) has a unique solution u G Q\ (V). 

4 Energy estimates 

In substance the proof of Theorem 13.11 relies on higher order energy estimates performed 
relatively to the foliation of U into the spacelike (with respect to g) hypersurfaces S T , 
< t < 7 of Section [2 We will relate the energy of the solution u on a surface S T to 
the energy on the initial surface So- To this end we introduce some more notation (see 
Figure 1). For any set C U, we define 

n r :=(onU < c < r Sc)°and 
S T :=S T n fi. 

Now let p G So and let C U be a relatively compact neighbourhood of p such that d£l 
is spacelike (such a neighbourhood always exists since g _1 is locally uniformly bounded). 



V< u B | So =ui, e . (5) 
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u 




Figure 1: Local foliation of space time 



We denote by fi the volume form on M with respect to g and by fi T the induced (n — 1)- 
form on S T such that a A fi r = p,, respectively = p, T . This allows us to give 

4.1. Definition : Let v be a smooth tensor field, < r < 7, m € No, we define 
the Sobolev norms 




Note that the (n — l)-dimensional Sobolev norm ||v||^ is defined via the full n- 
dimensional derivative V, i.e., derivatives are not restricted to the hypersurface S T . We 
emphasize that, in contrast to [3], these Sobolev norms are completely of classical type, 
i.e., there is no e-dependence involved. Equipped with this notion of Sobolev norms, we 
give the following definitions of energy tensors and energy integrals. 

4.2. Definition : For a smooth tensor field v, m > 0, and multiindices K and R 
with \K\ = \R\ = m — 1, we define the energy tensors T™(v) of v of order m by 

Jf» :=-\gf\M\ 2 

Tf<"» :={gf 9 f- \g?gf)m KR m J Qm I p(V c V K v I J )(V d V R v%). 

For < t < 7 and for m > we define the energy integral E™ £ (y) of v of order m on S T 
by 

To relate Sobolev norms and energy integrals, we need the following lemma, which is 
a variation of Lemma 4.1(1) in [3]. 
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4.3. Lemma : There exist constants A and A' (independent of e) such that for all 
k > and all smooth v 

A'(\M^) 2 <E^( V )<A(\\ V \\^f. (6) 
Consequently E™ E (v) is 0(1). 
Proof : For m = we have 

r r .a6,0 / ' w \ - 1 ab„ ~ i w |2 1 afc „ |„|2 ^ -1/ _\i„|2 

i £ (\i)a a a h = - -g £ a a a b \v\ = -- • -5 e a a cr 6 |v| = -— g e (<x,er)|v| , 
z la la 

which by (j3J yields 

A' |v| 2 < If - (v)(7 ai < AM\ 
where we have set Aq := 4^ and := 2 J~m ' ^° ^ ne resu ^ follows via integration over 

Now for m > 0, we have 

(„acj)d „ab„cd\„ ~ ^ / ac fed ^ „ab cd\„ _ 

K9e 9s ~ o9 e 9 £ ) a a^b =-{9s 9s ~ 7^9 £ 9 £ ) a a^b 

I a I 

=hmi-\z7\°,°)9?) 

a I 



2a 

Hence, for 1 < j < m 



e^e , cd 
' 9f 



i £ ' J (v)(7 a <7 6 = -r- +5 £ 



2a V fcV,*) 

• m x W Q m 7 p(V c Vi^)(V«iV^g), 

where the expression in parentheses in the first line is a Riemannian metric since £ £ is 
timelike. Moreover, since we have that this Riemannian metric is locally bounded from 
above and below, we obtain the existence of B, B' > such that 

B'm-\u,u) < (- y \ < Bm- 1 ^,,) 

for any smooth one- form u. Therefore 

-^\a,a)\^u\ 2 < Tfj(u)a a a b < ~%^\<r, a)\ V^u| 2 

and, again by (jU, we have 

B'A' \^u\ 2 < if >>K<7 6 < BA \V j u\ 2 . 

Finally, setting A' = min(j4g, B'A' ) and A = max(y4oj BAq), integration, and summation 
over j = 0, . . . , m gives the result. q. e. d. 
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Next we note the essential fact that for all e, the energy tensors T E (v) satisfy the 
dominant energy condition with respect to g £ . That is, for any timelike one- form u £ , we 
have T e (v)(u; £ , u e ) > 0, and T £ (v)(u; e , •) is a non-spacelike vector field. This condition 
can also be entirely formulated in terms of Q, see |15] . The dominant energy condition 
is a key feature in the following estimates: it guarantees positivity of 

J T^(y)a b dQ a , 

dn T \(s T us ) 

where df2 a is the surface element on d£l. Hence the dominant energy condition implies 
via the divergence theorem, Lemma 4.3.1 in [5], the following estimate: 

T 

j T^{y)a b a a (l T < j if* ' (y)a b a a ^ + C j j lf*(v)v b v a fi € d( 
Summation over j for < r < 7, yields the estimate 

T 

£-(v) <E% £ (v) + jr(c j j I?*(y)v a & b fi c dC + j a 6 V a T £ ^'( V )A 

T ,. m „ 

=£ m £ (v) + C £ c m e (v)dC + J2 ^V a lf ^(w)A (7) 
J=°i 

which will be our main tool in the following. In fact (J7| will be used to prove the 
energy estimates needed to derive moderateness and negligibility of solutions to (J5J). The 
technical core is to provide estimates on the divergence term V a T" 6 ' J '(u e ) in (J7]) for a 
solution u e using the differential equation ([5]). As mentioned in the introduction, in 
contrast to [3], we deal with a connection with respect to the smooth metric g, different 
from the "coefficient metric" g. This amounts to additional terms containing Vg, which 
we can control by condition (i) in Section 2. 

4.4. PROPOSITION : Let u £ be a solution of the differential equation ([5]) on U. 
Then, for every m > 1, there exist constants C' m , C'^, and C'^ such that for every 
< t < 7, 

E™(u £ ) <E% E (u £ ) + C' m (\\F £ \\^f 

T T 

+ cfar" J e™-\u £ ) dc + <% J E^ £ (u £ ) dC (8) 
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Observe that the coefficient in front of the last integral in (jSJ) does not depend on e: 
This is essential later on, when applying Gronwall's inequality in the course of proving 
moderateness resp. negligibility of the nets E™ e (u e ). 

Proof : To proof proposition ^. 41 we distinguish the cases k = and k > 0. For k = 0, 
we have 

V a lf > £ ) = -^V a5 f |u e | 2 - 5 f 4 e V a n^ £ m J « m/ p - ^:V Ji£ ^ >£ V a ( m J «m /P ). 

Therefore, by the Cauchy-Schwartz inequality for the inner product induced by m on the 
tensor bundle on M, we have 

a 6 V a T £ a6 '°(u e ) <\\a h V a g? \ ■ |u £ | 2 + \a b gf\ • |Vu £ | • |u 6 | 
+ \Wb9?\-\Va(m JQ m IP )\-\u £ \ 2 . 

This yields by condition (i) in Section [2] 

a b V a T £ ab >°(u £ ) < P (\u £ \ 2 + \Vu £ \ 2 ) 

for a constant Pq. 

For the case k > 0, consider the expression 

o- h V a Tf> k (u £ ) =a b ht cd V a V c V K u I j^V d V LU ^ £ m KL m JQ m IP 

+ a b hf cd V c V K u I j t£ V a V d V L u^ £ m KL m J Qm IP 
+ a b V a hf cd V c V K Uj )e V d V L u^ £ m KL m JQ m IP 
+ a b hf cd V c V K u I j i£ V d V L u^ £ V a (m KL rn JQ m IP ), 

where h £ bcd := g £ c g bd — \g £ b g £ d . After a rather lengthy calculation, where we interchange 
covariant derivatives, the above expression takes the form 

a 5 V a rf' fe (u e )=^ d 5 fV^V a V c n5 e V rf V L n^ £ m^ L m JC 3m / p 

fc-i 

+ a b g bd gT (j^-^iOLsrj) V d V L u^ £ m KL m^m IP 

j=0 

+ ^ d 5 r(^ { "~ 1 * fc ~ 1) u e )L^jV c V i n^ £? n^7n J «m / p 

+ a b V a hf cd V c V K u I h£ V d V L u^ £ m KL m JQ m IP 

+ a b hf cd V c V K u I h£ V d V L u^ £ V a (m KL m JQ m IP ). (9) 

Here the terms TZ^ k '^u £ denote a linear combination of contractions of the (k — j)th 
derivative of R with the jth derivative of u £ ; R being the Riemannian curvature tensor 
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with respect to g. In the next step, using the differential equation ([5]) on the first line of 
(f9l), we reduce the order of derivatives by one, obtaining af,V a T £ ,k (u £ ) = Yli=i li with 

h =a b g b E d V K FjV d V L u^ £ ?n KL m JQ m IP , 
i=2 

k 

h = ~ a b gf^Bi k ^u £ )ij)v d V L u^ £ m KL m J Qm IP , 
i=i 
fc-i 

h = - ^gf^C^u^j) V d V LU r j£ m KL m J Qm IP , 

3=0 

k-1 

/5=^ £ M r(E(^ (fe ~ 1,i)u -)acXj)v d V L ^ )£ m M m J «m 7 p, 

j=0 

/ 6 =^5r(^ (fc " 1 ' fc " 1) Ue)L^jV c V i ^ i£ m^m J( 3m / p, 

I 7 =<J b Vaht cd V c V K u I j^ d V L u^ £ m KL m JQ m IP , 

h =a b hf cd V c V K u I JtE V d V L u^ E V a (m KL m JQ m IP ) . 

Here »4 £ u £ , B £ u £ , and C £ fc '^u £ denote a linear combination of contractions of the 
(k — j)th derivative of g e , B £ , resp. C £ , resp. with the jth derivative of u £ . 

In the remaining part of the proof we study the e-asymptotics of the terms I\, . . . , Jg. 
We aim at an estimate that involves no e-dependency in terms containing Sobolev norms 
of highest order. The following manipulations make repeatedly use of the Cauchy- 
Schwartz inequality. Proceeding in the same way as for the term of order k = 0, we 
obtain 

<P M (|V fc u £ | 2 + |V fe - 1 F e | 2 ) 

k—l 

\h\<P k ,2((k-l)\V k u £ \ 2 + glJ2^ Nk \^ j ^\ 2 ) 

3=2 

k—l 

\Is\<P k ,s(k\V k u £ \' + blJ2e- Nk \^u £ \^ 
\I^<^(k\V k u £ \ 2 + clJ2e~ N ^u £ \ 2 ) 

3=0 

i/ 5 i<^(^ivvi 2 +^x;i^u £ i 2 ) 

3=0 

\h\<^f{\V k U£ \^+rl\V k -^) 
\h\ <Pkj\V k u £ \ 2 
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\h\ <P M |v fc u e | 2 

for constants Pk,i, ■ ■ ■ ,Pk8- Summing up, for k > 0, there exist positive constants a*., 
and 7^ such that 

fc-1 

a b V a T £ ab > k (u £ ) < a k \V%\ 2 + PklV^Fzf + lk Y < £~ Nk \V j u £ \ 2 . 

3=0 

Integration over £l T and summation over k = 0, . . . , m yields with N := maxj Nk 
m ~ \ 

£ J ^V Tf' fc (u £ )A<5 m y i^(u 6 )dC + MISHIT 1 ) 2 
k=0 n r o 

T 

+ l m e- N j ^(u^dC, 
o 

where we used Lemma [4. 3 1 to translate Sobolev norms into energy integrals. Substitution 
of the last estimate into gives inequality @ and we are done. g. e. tf. 

Since we consider equations containing lower order terms, we need a sharper estimate 
for the first order energy integral. Thus we observe, when setting m = 1 in the proof of 
Proposition I4.4[ that the terms I2 and I§ vanish and the terms Ji, Iq, Ij, and Ig do not 
contribute any e-powers. For the remaining terms J3 and J4, the coefficients B E and C e 
can be estimated by condition (i) in Sectional Thus we have 

4.5. COROLLARY : For m = 1, we can sharpen inequality @ to 

T 

E l Ti£ (u £ ) < E\ E (u e ) + ^(||F,|| nr ) 2 + C7f J 4 £ (u £ ) dC- (10) 



Remark: Once more we undertake a comparison with [3]- 

1) When looking at Proposition 5.1 in |3j and its proof one sees that the inclusion of 
lower order terms would give rise to an additional term for j = in the sum. This 
term, since dependent on e, would obstruct a successful application of Gronwall's 
inequality. To compensate for this e-dependence, we had to introduce bounds on 
B and C to obtain the vital Corollary 14.51 

2) Since, in contrast to [3], we do not work with the Levi-Civita connection of the 
"coefficient metric", we had to sharpen the condition on first order derivatives of g e 
to sup^ I Vg" 1 1 = 0(1), see (i). 

3) As the present analysis shows, the assumptions in [3], condition (A) on the deriv- 
atives of g are not necessary to prove the existence and uniqueness result j3[ Thm. 
3.1]. In fact, one may significantly improve the main theorem in [3] by relaxing (A) 
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to sup^ |g e | = 0(1) and sup^ \g e ~ 1 \ = Oil). On the other hand, the original con- 
dition (A) obviously can be used to derive the precise asymptotics of the solutions 
of [3j Thm. 3.1], hence to prove an additional regularity result. 

We may now apply Gronwall's inequality to ([8]) and (jlOp to immediately obtain 

4.6. COROLLARY : Let u £ be a solution of the differential equation ([5]) on U . Then, 
for every m > 1, there exist constants C' m , C^, and such that for every < r < 7, 

T 

^(u £ )<^ -(u £ ) + C(||F e ||-; 1 ) 2 + C e - Jv y' £--> £ )dcV™ v (11) 



For m = 1, we have 

2#> e ) <(j^(u«) + Ci(||F e ||& T ?y c '" T . (12) 

The consequence of (jlip and (fT2|) is that by iterating m, we obtain that moderate 
resp. negligible initial energy integrals E™ (u e ) and right hand side F £ imply moderate 
resp. negligible energy integrals E™ £ (u E ) at later times r. We will make use of this fact 
in the proof of the main theorem. 

4.7. COROLLARY : Let u £ be a solution of the initial value problem ([5]) on U. Then 
for all m > 1, if the initial energy integrals are moderate, 

sup E™(u £ ) £ (13) 

0<r<7 

is a moderate net of real numbers. Likewise, (|13p is negligible if the initial energy integrals 
and, additionally, F is negligible. 

5 Proof of the main theorem 

Before we start the actual proof of the main theorem we need two more estimates. First, 
we translate bounds on initial data into bounds on initial energy integrals and bounds 
on energy integrals into bounds on solutions. Afterwards, together with Corollary I4.7[ 
we will establish existence and uniqueness of generalized solutions to the initial value 
problem ©, ©. 

5.1. LEMMA : Let (u £ ) £ be a solution of ©. If (llo, £ ) £ , (ui j£ ) £ and (F £ ) £ are 
moderate resp. negligible, then the initial energy integrals (E™ e (u £ )) e for each m > 
are moderate resp. negligible nets of real numbers. 

Proof : We have to consider the energy integral 

m „ 

KM) = £/ if (u £ Ka 6/v 
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Obviously one can see that the moderateness resp. negligibility of the initial energy 
integrals Eq e (u £ ) is equivalent to the moderateness resp. negligibility of u e and its first 
order derivatives on So, thus immediately follows from moderatenes resp. negligibility 
of the data. To deal with the higher order initial energy integrals, we need further 
arguments: Choosing a coordinate system (t,x a ) = (x°,x Q ), we have 

U e (0,X a ) =U ,e(* a ) 
d t U £ (0,X a ) =U!, £ (x a ), 

where 

1 n 

ui, £ := to (u ljB - ^Vau , 6 " £(V t - £> t )u , £ ) (14) 

^ £ A=l 

and (Vt — dt)uo t£ denotes the difference between the covariant and the partial derivative 
of Uo, e , which may be expressed in terms of the Christoffel symbols V. Now terms of the 
energy tensors including first order time-derivatives are by (|14[) rewritten in terms of the 
(known) spatial derivatives of the data. For higher order time-derivatives, we inductively 
use the differential equation in the form 



•A** 



+ terms with less than 2 time derivatives ) 



to reduce the order of time-derivatives on u to 1. By assumption all the coefficients 
occurring in the differential equation are moderate resp. negligible, thus not contributing 
more than a factor e~ N for some natural number N. q. e. d. 

5.2. Lemma : Let a be a multiindex with \a\ = m. For s > (n — l)/2 an integer, 
there exists a constant C and number N such that for all u £ T^(£l T ) an d for all £ S [0, t], 
we have 

sup \d a u{x)\ < 4= sup (E s + m (u)) 1/2 . 
pen T V A' o<c<r 

Proof : By the Sobolev embedding theorem on S T we obtain for s > (n — l)/2, 



Application of ([6]) yields 



sup |u(x)| < C||u||| (15) 



sup |u(x)| < -^(^(u)) 1 / 2 . 



We then take the supremum over £ 6 [0, r] on the right hand side and obtain the result 
for m = 0. To show the general result, we replace u by the respective derivatives, i.e., 
we replace (|15p by 

sup \d Pl • • • d Pi 4u\ < C\\4u\\ s s +i < C\\u\\ s + i+ i , 
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where m = i + j 



q. e. d. 



Finally, we are ready to proof Theorem 13.11 
Proof of the main theorem: 

Step 1: Existence of classical solutions. 

Theorem 5.3.2 in fl6J together with assumption (ii) in Section [2] guarantees existence of 
a unique smooth solution u e of ([5|) for each e on a domain A C f) £<£o 1^ (T,). Without 
loss of generality we may assume, that fi 7 C A. 

Step 2: Existence of generalized solutions. 

We show that the net obtained in step 1 is moderate on 7 . By assumption Uo and Ui 
are moderate, so by Lemma 15.11 we obtain moderate initial energy integrals Eq £ (u £ ) for 
k > 1 and < r < 7. Now Corollary 14.71 ensures moderateness of the energy integrals 
E^ £ (u £ ) for k > 1 and < r < 7. Finally, Lemma [5.21 implies moderateness of u £ , hence 
u := [(u e ) e ] is a generalized solution of the initial value problem ([5]), ([3]) on fi 7 . 

Step 3: Independence of the representatives of the data. 

The proof follows the same arguments as in step 2. Since L is a linear differential 
operator, it suffices to show that the solution u of an equation with negligible F, uo, 
and Ui is negligible as well. To establish this result, we proceed as before using the 
negligibility parts of Lemma 15.11 and Corollary 14.71 Thus the solution u = [(u e ) e ] is 
unique and we are done. □ 
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